
 

RotationDynamics
What do we gain from the perspective

of Iit Circle as a set of equivalence
classes

Recall The circle can be thought
of as the set of equivalence classes

X 4 Ttx 2T X X X 2T
suchthat

Kat K ke zig
the integers

R

need to tell what the conditions

on K are

in words

the set of all numbers 2T Ktx where

K is an integer



yesterday the geometry of equiv classes
today thealgebraofequivalencedasses

Idea Develop addition on equivalence
classes

Define At B xty xe A ye B

example

A 1,23 B 3143

A 113 É 54 33632
4

4 5 63 duplicates listed once

Theoreny For anyequiv classes Exit Cy
x y x ty

ProofWe'll show that Ex Cy E Exty and

that Exty E x Cy



First choose some Ze Ex Cy
By definition of set addition

2 4 K 2T y te 2T

for some K l E Z

A g 2ackeepfactor
ont 2x

since Rte is an integer Ze Exty
Now we show that Exty Ex Cy
Let we Exty
So by definition

w x y 2am

can split me into the sum of any two integers
whose sum is m Simplestchoice is O and my

w X t Ly 2am

since x e x and y 2 time Cy we have



that we x Cy
O

means we've
proved the thingwe
wanted to prove

Observations
identityproperty
a O Ex x

associativityproperty
b Ex Cy 2 Ex Cy Ex
existence of inverses
C EXT EX Co

these properties give that Byz is

a group
with the operation of set

addition
bonus property
d X Cy Cy Ex



RotationDynamics

Define Ro 142 21 172 21

Ro a Ex G EX CO

This is exactly the circle rotation by
angle 0

Go tmNtfimpyre another

pig EZ Is

Thy If 0 4 2x every point on the
circle has period Q

Thy If there exists a periodic point of
period qtor the circle rotation by O then
0 24 Iq for some PEZ



I 2T ZI

each orbit has 3 points
and are disjoint

Affix
Rok Ex Ext KOI for all Kez

K 71

Proof by induction

K l K Z K 3 K 99 4 100

9write a prooffootmen
prove if I know previous

base case

one I can deduce the next one
the inductive step

works like dominos



Proofofbasead
Check that Rj x Ex 10

true from the definition

Proofofinductiested Assume that it holds

for K and prove that it holds for Kel

Assume it holds for Rotax Ext KO
bydefofiterates

Then Rok x ER RICED
2by inductive assump

Rolex Ko
2def of Ro

x KOT O

dpropertyofset
Cx KO to addition

2 factoring
E TOCK D

D


